Introduction
In this paper, we apply Shimura's theory on modular forms of half-integral weight [ShG2] and the result of Waldspurger [Wal] to 2π/3-and π/3-congruent number problems (2π/3-CNP and π/3-CNP), which we have studied in [Yo] (see also Fujiwara [Fuj] and Kan [Kan] ). We recall our problems. 2π/3-CNP and π/3-CNP. A squarefree positive integer n is said to be a 2π/3-(respectively π/3-) congruent number if n √ 3 is the area of a triangle with rational sides, one of whose angles is 2π/3 (respectively π/3). What is a characterization of 2π/3-(respectively π/3-) congruent numbers?
For the basic results of our problems, we refer to [Fuj] , [Kan] or [Yo] . According to [Yo] , one easily finds that 2π/3-CNP and π/3-CNP are reduced to studying a rank of Mordell-Weil group over Q of a series of elliptic curves given by E ±n : y 2 = x(x ± n)(x ∓ 3n) (n = 1, 2, 3, . . . ).
(Note that E ±n does not admit complex multiplication.)
Our method is essentially due to Tunnell. In [Tun] , Tunnell applies the result of Waldspurger to a series of the elliptic curves C 1 n : y 2 = x 3 − n 2 x (with complex multiplication by Z[ √ −1]) and he uses it to find a characterization of the (classical) congruent number problem. THEOREM 0.1. [Tun] Let us consider a formal power series in the variable q (1,j ) ( (1,j ) )q m (j = 1, 2) and let n be a squarefree positive odd integer. If a n ( (1,j ) ) = 0, then the Mordell-Weil group C 1 jn (Q) is finite and j n is not the area of any right-angled triangle with rational sides; that is, j n is not a congruent number. Moreover, if we assume the conjecture of Birch and Swinnerton-Dyer [BiSw] , then the converse is also true.
Remark. Frey [Fre1] and Barthel [Bar] apply the same argument to a series of elliptic curves C 2 n : y 2 = x 3 − n 3 (with complex multiplication by Z[(−1 + √ −3)/2]).
We also use the same argument. Some of our results are stated as follows.
THEOREM 0.2. (Theorem 2.1, Corollary 3.4) Let 3,−3 be the formal power series in the variable q given by
where G 2 is a power series of the form ∞ m=1 a m 2 (G 2 )q m 2 which can be written explicitly (see Theorem 2.1) . Let n be a squarefree positive integer such that n ≡ 1, 7 or 13 (mod 24). If a n ( 3,−3 ) = 0, the group E n (Q) is finite and n is not a 2π/3-congruent number. If the conjecture of Birch and Swinnerton-Dyer is true, the converse is also true. THEOREM 0.3. (Theorem 3.8) Let p be a prime such that p ≡ 7 or 13 (mod 24). Then a p ( 3,−3 ) = 0. In particular, p is not 2π/3-congruent. Furthermore, in the case p ≡ 13 (mod 24), the Shafarevich-Tate group III(E p /Q) of E p is a non-trivial finite group.
Remark. Kan [Kan] has used the two-descent method to prove the same result except for the finiteness of the Shafarevich-Tate group III(E p /Q).
The paper is organized as follows. In Section 1, we recall some facts on the theory of Shimura on the modular forms of half-integral weight (and on quadratic forms). In Section 2, we construct various cusp forms of weight 3/2 which correspond to our elliptic curves E ±1 and E ±3 via the Shimura map. In Section 3, using the results in Section 2, we apply Waldspurger's theorem to our problems. In Section 4, we give a table on the conjectural order of III(E ±n /Q).
Modular forms
In this section, we recall some facts on modular forms of integral and half-integral weight. For details and proofs, see Shimura [ShG1, ShG2] , Knapp [Kna] and Koblitz [Kob] .
Following Shimura, we define a symbol (c/d) for c, d ∈ Z by the following conditions:
For a positive integer N, let 0 (N) be the group of matrices in SL 2 (Z) which are upper triangular modulo N. It acts as a discrete group of Möbius transformation on the complex upper half-plane H = {τ ∈ C; Im τ > 0} and the cusps Q ∪ {i∞},
Let κ be an element of 1 2 Z. We always assume that 4|N if κ / ∈ Z. For a holomorphic function f (τ ) on H and for a character χ modulo N, f (τ ) is called a modular (respectively cusp) form of weight κ, level N and character χ if f (τ ) satisfies:
for all a b c d ∈ 0 (N); and (ii) f is holomorphic (respectively vanishes) at the cusps (see [Kna, Ch. IX] ).
Here we use the notation: • ε d = 1 or √ −1 according to whether d ≡ 1 or 3 (mod 4); • z 1/2 is the square root of z with −π/2 <arg(z 1/2 ) ≤ π/2 for z ∈ C; • χ t denotes the character corresponding to Q( √ t)/Q for a non-zero integer t (so χ t is trivial if t is a square). Denote the vector space of all such modular (respectively cusp) forms by M κ (N, χ) (respectively S κ (N, χ) ). For a modular form f ∈ M κ (N, χ), write its Fourier expansion (at the cusp i∞) as
For any prime p and κ ∈ Z (respectively κ ∈ 1 2 Z \ Z), let T κ (p) (respectively T κ (p 2 )) denote the pth (respectively the p 2 th) Hecke operator which acts on M κ (N, χ) and on S κ (N, χ) (see [Kna, ShG1, ShG2] ). For κ = 3/2 we use the following formula [ShG2] . THEOREM 1.1. Let N be an odd positive integer divisible by 4, f an element of S 3/2 (N, χ), p a prime. Put
Then
where we understand that a m/p 2 (f ) = 0 if m is not divisible by p 2 and that χ(p)χ −1 (p)(m/p) = 0 if p = 2.
If f 1 , f 2 ∈ S κ (N, χ), we define the Petersson inner product
where τ = u + vi. It is well known (see the argument in [ShG1] ) that if p N, then the adjoint of T 2 (p) (respectively T 3/2 (p 2 )) with respect to ·, · is χ(p)T 2 (p) (respectively χ(p)T 3/2 (p 2 )).
Let N be a positive integer with 4|N, χ a character modulo N. For any positive integer c and any quadratic character ψ with conductor r ψ such that 4r 2 ψ c|N and χ = ψχ c χ −1 , we set
Then θ ψ,c ∈ S 3/2 (N, χ) [ShG2] . By S • 3/2 (N, χ), we denote the subspace of S 3/2 (N, χ) generated by such forms θ ψ,c . Let S ⊥ 3/2 (N, χ) be the orthogonal complement of S • 3/2 (N, χ) with respect to the Petersson inner product ·, · . The following important result is a special case of the Main Theorem of Shimura ([ShG2] , see also [Cip, Fli, Koj, Niw, Shin, Stu] (N, χ) . Furthermore, let t be a squarefree positive integer.
Define constants A t (m)(m = 1, 2, 3, . . . ) by the following formula:
Assume that f is a common eigenfunction of T 3/2 (p 2 ) for all prime factors p of N not dividing the conductor of (−1/·)(t/·)χ. Then:
(1) the function
is also an eigenfunction of T 2 (p) with the same eigenvalue λ p .
We call Shim t the t-Shimura map.
To construct cusp forms of weight 3/2, we recall some facts on quadratic forms and its -series. Let Q = Q(X 1 , . . . , X k ) be a positive definite quadratic form with integer coefficients. Let A = A Q denote the k × k matrix
and N Q the smallest positive integer so that N Q A −1 has integral entries and even elements on the diagonal. Define the -series corresponding to Q as
Two integral quadratic forms are in the same genus if they are equivalent over R and over Z p for every prime p. If Q 1 and Q 2 are in the same genus, then one can prove that [Sie] for even k and the proof works for odd k too.)
We will use the following result in the next section (see [Fre2] ).
Remark. In [Fre2] , Frey gives a proof of above proposition for κ ∈ Z. However, an argument similar to his proof works for κ ∈ 1 2 Z \ Z.
Construction of cusp forms of weight 3/2
Let ϕ be a newform of S 2 (M, χ 1 ) (see [AtLe, Kna] ). In particular, ϕ is a common eigenfunction of T 2 (p) for all primes p not dividing the conductor M of ϕ (say T 2 (p)ϕ = λ p ϕ). Let N be a positive integer divisible by 4 and χ a quadratic Dirichlet character modulo N such that χ(−1) = 1. By S ⊥ 3/2 (N, χ, ϕ), we denote the subspace of S ⊥ 3/2 (N, χ) which consists of elements such that T 3/2 (p 2 ) = λ p for all primes p NM.
To state Theorem 2.1, we use the following notation:
We denote a binary quadratic form b
THEOREM 2.1. With the above notation, we have the following:
(1)
3,1 =
Proof. Each statement of this theorem can be proved similarly, so we give the proof for the parts (1), (3), (7), (8) and (9).
(1) From the table of Brandt and Intrau [BrIn] , two ternary quadratic forms Q 1 6 12 0 0 0 and Q 3 4 6 0 0 0 are in the same genus, so 2,−1 = 1 6 12
and that dim C S 3/2 (48, χ 2 ) = 1 by the formula of [CoOe] . Hence 2,−1 is an eigenfunction of T 3/2 (p 2 ) for all primes p. The main theorem of Shimura (Theorem 1.2) gives that Shim 1 ( 2,−1 ) ∈ S 2 (24, χ 1 ). Since S 2 (24, χ 1 ) is a vector space of dimension one and is generated by
(3) The table of [BrIn] implies that˜ 1,−1 = 2 9 9 6 0 0 − 3 6 8 0 0 0 is an element of S 3/2 (96, χ 1 ). From (1) and [ShG2] , G 1 (τ ) = 2,−1 (2τ ) is in S 3/2 (96, χ 1 ) too. By the same argument as in the proof of (1), we have S 3/2 (96, χ 1 ) = S ⊥ 3/2 (96, χ 1 ). Using Theorem 1.1 and Proposition 1.3, we have that 1,−1 =˜ 1,−1 − G 1 is an eigenfunction of T 3/2 (p 2 ) for p = 2, 5, 7 and 11 with eigenvalues λ 2 = 0, λ 5 = −2, λ 7 = 0 and λ 11 = 4, respectively. In fact, by an argument similar to the algorithm of [ABF] and [Fre2, p. 5 ] (see Remark (2) below), we see that 1,−1 is an eigenfunction of T 3/2 (p 2 ) for all p ≥ 5 (and for p = 2). Applying Theorem 1.2 to 1,−1 , we obtain that Shim 3 ( 1,−1 ) is a non-zero element of S 2 (48, χ 1 ) and is an eigenfunction of T 2 (p) for all primes p ≥ 5. Furthermore, Theorem 1.2(2) implies T 2 (p)Shim 3 ( 1,−1 ) = λ p Shim 3 ( 1,−1 ) for p = 5, 7 and 11. From the table of Cremona on Hecke eigenvalues [Cre] , we see that Shim 3 ( 1,−1 ) is a non-zero constant multiple of the newform ϕ −1 (∈ S 2 (24, χ 1 )); that is, 1,−1 ∈ S ⊥ 3/2 (96, χ 1 , ϕ −1 ).
(7) From the table of Brandt and Intrau [BrIn] , we obtain that 3,1 = 1 7 7 2 0 0 − 3 4 5 4 0 0 is in S 3/2 (192, χ 3 ). In fact, using the same argument as (3) we obtain that 3,1 is an eigenfunction of T 3/2 (p 2 ) for all primes p = 3, with eigenvalues λ 2 = 0, λ 5 = −2, λ 7 = 0 and λ 11 = −4 for T 3/2 (2 2 ), T 3/2 (5 2 ), T 3/2 (7 2 ) and T 3/2 (11 2 ), respectively. The subspace S • 3/2 (192, χ 3 ) is generated by one form θ χ −1 ,3 . This form is an eigenfunction for T 3/2 (5 2 ) with its eigenvalue 6. Hence it follows from the properties of the Petersson inner product ·, · (see Section 1) that 3,1 is in S ⊥ 3/2 (192, χ 3 ). Then Theorem 1.2 gives that Shim 1 ( 3,1 ) ∈ S 2 (192/2, χ 1 ) is an eigenfunction of T 2 (p) for all primes p ≥ 5 with eigenvalues λ 5 = −2, λ 7 = 0, λ 11 = −4 for T 2 (5), T 2 (7), T 2 (11), respectively. From the table of Cremona on Hecke eigenvalues [Cre] , we obtain that Shim 1 ( 3,1 ) is a non-zero constant multiple of the newform ϕ 1 (∈ S 2 (48, χ 1 ) ). Hence we have 3,1 ∈ S ⊥ 3/2 (192, χ 3 , ϕ 1 ).
(8) From the theory of binary quadratic forms, we see that the quadratic forms Q[1, 0, 144] and Q[9, 0, 16] are in the same genus. So we have (1, 0, 144) − (9, 0, 16) ∈ S 1 (576, χ −1 ). Since m∈Z χ 3 (m)q m 2 is in M 1/2 (576, χ 3 ) by [ShG2] , the product { (1, 0, 144) − (9, 0, 16)} m∈Z χ 3 (m)q m 2 is in S 3/2 (576, χ 3 ) (see [Kob, p. 219] ). Then an argument similar to (3) and (7) gives the desired result.
(9) An argument similar to (8) gives that 1 3 144 0 0 0 − 3 9 16 0 0 0 is in S 3/2 (576, χ 3 ). However, this cusp form is not an eigenfunction. Let G 2 = G 2 (τ ) be the cusp form given in the statement of the theorem. The function G 2 is an element of S • 3/2 (576, χ 3 ). Then, by an argument similar to (3) and (7), we see that 3,−3 = 1 3 144 0 0 0 − 3 9 16
(1) Some of cusp forms ( 3,−1 , 6,−1 , 3,1 , etc.) are also calculated by Lehman [Leh1, Leh2] and Ono [Ono] . (2) In the algorithm of [ABF, p. 5] , they have used the 1-Shimura map only, and we can see that Shim 1 ( 1,−1 ) = Shim 1 ( 3,3 ) = 0. So we cannot apply the algorithm of [ABF] to the cusp forms 1,−1 and 3,3 directly. However, if we use the t-Shimura maps for various t in the proof of Proposition 1.3 of [ABF] , then we see that the algorithm can be applied to our cases.
Applications
First, we state the theorem of Waldspurger [Wal] . Let d and d 0 be positive squarefree integers. Assume that d ≡ d 0 mod l|N Q ×2 and d · d 0 is prime to N. Then
For a positive squarefree integer n, we define c 2π/3 (n) and c π/3 (n) as:
if n ≡ 11 (mod 24), a n ( 3,−3 ) if n ≡ 1, 7, 13 (mod 24), a n/2 ( 2,−1 ) if n ≡ 2 (mod 12), a n/3 ( 3,−1 ) if n ≡ 3 (mod 24), a n/6 ( 6,−1 ) if n ≡ 6 (mod 12), 0 o t h e r w i s e ,
if n ≡ 1, 7, 19 (mod 24), a n ( 3,3 ) if n ≡ 5 (mod 24), a n/2 ( 6,3 ) if n ≡ 2 (mod 12), a n/3 ( 3,1 ) if n ≡ 3, 9, 15 (mod 24), 0 o t h e r w i s e .
Using a computer, we can check that:
L(E d 0 , 1)c 2π/3 (d 0 ) = 0 for d 0 = 1, 7, 11 and 13;
L(E −d 0 , 1)c π/3 (d 0 ) = 0 for d 0 = 1, 5, 7 and 19;
L(E 2d 0 , 1)c 2π/3 (2d 0 ) = 0 for d 0 = 1, 13, 19 and 31;
L(E −2d 0 , 1)c π/3 (2d 0 ) = 0 for d 0 = 1, 7, 13 and 19;
L(E 3d 0 , 1)c 2π/3 (3d 0 ) = 0 for d 0 = 1 and 17;
L(E −3d 0 , 1)c π/3 (3d 0 ) = 0 for d 0 = 1, 5, 11, 17, 19 and 37;
L(E 6d 0 , 1)c 2π/3 (6d 0 ) = 0 for d 0 = 1, 5, 7, 13, 17, 23, 35 and 67.
For any squarefree positive integer n, it follows from [Yo, Table 3 ], that 5, 9, 10, 15, 17, 19, 21, 22, 23 (mod 24) , 6, 8, 11, 13, 17, 18, 21, 22, 23 (mod 24) .
So Theorem 3.1 gives the following.
THEOREM 3.2. Let n be a squarefree positive integer. Then:
(1) L(E n , 1) = 0 if and only if c 2π/3 (n) = 0;
(2) L(E −n , 1) = 0 if and only if c π/3 (n) = 0.
Theorem 3.2 can be used to prove that certain numbers are not 2π/3-or π/3congruent numbers by invoking the following theorem. (1) if c 2π/3 (n) = 0, then E n (Q) and III(E n /Q) are finite and n is not 2π/3congruent; (2) if c π/3 (n) = 0 and n = 1, then E −n (Q) and III(E −n /Q) are finite and n is not π/3-congruent.
Remark. Ono [Ono] has obtained some cases of Corollary 3.4 using 6,−1 , 3,1 .
From Birch and Swinnerton-Dyer [BiSw] and Yo [Yo, Tables 2 and 3 ], we expect the following. CONJECTURE 3.5. (The Birch and Swinnerton-Dyer conjecture for E ±n ) Let n be a squarefree positive integer. Let ±n be the real period of E ±n (see [Sil] ). Define u ? (n) for ? = 0, ± as follows. Then:
Applying Corollary 3.4, we give some criteria for non-2π/3-congruentness and for non-π/3-congruentness. Some of them have already been obtained in [Yo] . However, (in fact) Corollary 3.4 gives stronger results. PROPOSITION 3.6. Let p be a prime ≡ 11 (mod 24). Then c 2π/3 (p) ≡ 4 (mod 8). In particular, we obtain that L(E p , 1) = 0 and p is not 2π/3-congruent.
Proof. By the definition of c 2π/3 (p), we have
First, we consider the set {(x 1 , x 2 , x 3 ) ∈ Z 3 | 2x 2 1 + 9x 2 2 + 9x 2 3 + 6x 2 x 3 = p}. Since p ≡ 11 (mod 24), there exists a unique pair of positive integers a, b such that 2a 2 + 9b 2 . So we have
It is easy to see that
is divisible by 8, since the ternary quadratic form 2X 2
and (±X 1 , −X 3 , −X 2 ).
Next, we consider the set {(x 1 , x 2 , x 3 ) ∈ Z 3 | 3x 2 1 + 6x 2 2 + 8x 2 3 = p}. Since p ≡ 11 (mod 24), it follows from the theory of binary quadratic forms that there exists a unique pair of positive integers a, b such that 2a 2 + 3b 2 . Furthermore, we see that a is even, so we have
Considering the signs of x 1 , x 2 , x 3 , we see that
is divisible by 8.
Hence we obtain that c 2π/3 (p) ≡ 0 − 4 ≡ 4 (mod 8), which gives the desired result. ✷ PROPOSITION 3.7. If p is a prime such that p ≡ 5 (mod 24), then c π/3 (p) ≡ 4 (mod 8). In particular, we obtain L(E −p , 1) = 0 and p is not a π/3-congruent number.
Proof. Let g 1 and g 2 be quadratic forms
Then from the definition of c π/3 (p), we have
It is easy to show that (V (p, g α ) j ∩ {X 1 X 2 = 0}) is divisible by 4 and that V (p, g α ) j ∩ {X 1 = 0} and V (p, g 2 ) j ∩ {X 2 = 0} are empty.
To prove c π/3 (p)/2 ≡ 2 (mod 4), it suffices to show that there exists a j 0 ∈ (Z/12) × such that (V (p, g 1 ) j 0 ∩ {X 2 = 0}) = 2 and (V (p, g 1 ) j ∩ {X 2 = 0}) = 0 for j = j 0 . Since p ≡ 5 (mod 24), we can find positive integers x 1 and x 3 (uniquely) such that x 2 1 + x 2 3 = p and (x 3 , 6) = 1. Hence if we take j 0 ≡ x 3 (mod 12), then we have the desired result. ✷
The following result is more interesting to the author.
THEOREM 3.8. Let p be a prime with p ≡ 7, 13 (mod 24). Then c 2π/3 (p) ≡ 4 (mod 8), so L(E p , 1) = 0. In particular, the groups E p (Q) and III(E p /Q) are finite and p is not 2π/3-congruent. Furthermore, III(E p /Q) is non-trivial in the case p ≡ 13 (mod 24).
Proof. Since p ≡ 7 or 13 (mod 24), it is easy to see from the definitions of c 2π/3 (p) and 3,−3 in Theorem 2.1 that
It follows from p ≡ 7 or 13 (mod 24) that
Hence we have
is divisible by 8. By the fact that p ≡ 1, 3 (mod 8), we have
So we obtain
Hence we see that
If p ≡ 13 (mod 24), then the last statement follows from the two-descent method (see [Yo] ) that
where III(E p /Q) [2] means the two-torsion subgroup of III(E p /Q). (In fact, from the fact that III(E p /Q) is finite, it follows that dim F 2 III(E p /Q) [2] = 2 by the property of the Cassels-Tate pairing [Cas, Tat] .) So III(E p /Q) is non-trivial. ✷ An argument similar to the above results gives a generalization of Theorem 3.4 of [Yo] (and some results of [Fuj] and [Kan] ). THEOREM 3.9. Let p ≥ 5 be a prime.
(1) c 2π/3 (n) = 0 for each integer n of the following types: In particular, both E n (Q) and III(E n /Q) are finite and n is not 2π/3-congruent.
(2) c π/3 (n) = 0 for each integer n of the following types: So E −n (Q) and III(E −n /Q) are finite and n is not π/3-congruent.
Remark. Let p be a prime. Using the modular forms i,j , the author cannot obtain that c π/3 (3p) = 0 in the case p ≡ 11, 19 (mod 24). (Compare with Theorem 3.4 of [Yo] .) If we wish to prove this by a similar method, we must show that c π/3 (3p) ≡ 8 (mod 16). However, in the case where p ≡ 11 (mod 24), we can prove L(E −3p , 1) = 0 by using another cusp form
Table
For a squarefree integer m, let III m be the conjectural order of the Shafarevich-Tate
The method to compute III m is the following. Let m be a squarefree integer, ϕ m the newform corresponding to E m . Let E ϕ m /Q be the elliptic curve constructed from ϕ m by Eichler-Shimura theory (see [Kna, Theorem 11.74] , or [Yo, Section 4] Using formula (2.8.10) of [Cre] , we can compute an integer α m such that α m L(E ϕ m , 1)/ (ϕ m ) ∈ Z. Since the twist of E ϕ m over Q( √ m) is isogenous to the curve E 1 (= the twist of E m over Q( √ m)) and the table of [Cre] , we know that there are six possibilities for E ϕ m and all the possible curves can be written explicitly. Then using the arithmetic-geometric mean of Gauss (see [Cre, p. 97 ]), we can compute all possibilities for (ϕ m ) and the ratio (ϕ m )/ m ). (Indeed, we have (ϕ m )/ m ) = 1, 1/2 or 1/4.) So we obtain that
Using [Cre, Proposition 2.11 .1], we calculate the value 4α m L(E m , 1)/ m approximately if the sign ω E m of the functional equation for L(E m , s) is +1 (see Table 3 of [Yo] ). (If ω E m = −1, then L(E m , 1) = 0.) Then using the fact that 4α m L(E m , 1)/ m is an integer, we have the correct value L(E m , 1)/ m ∈ Q. By computing L(E m , 1)/ m for m = 1, 7, 11, 13; −1, −5, −7, −19 ; 2, 26, 38, 62; −2, −14, −26, −38; 3, 51; −3, −15, −33, −51, −57, −111; 6, 30, 42, 78, 102, 138, 210, 402 and using Theorem 3.1 (and Conjecture 3.5) we can calculate the values III m for every m with L(E m , 1) = 0. For example, we obtain that if n is a positive squarefree integer and c 2π/3 (n) = 0 (see Theorem 3.2), then III n = c 2π/3 (n) 2 u 0 (n) 2 × 1 ifn ≡ 1, 13 (mod 24), 1/4 if n ≡ 2, 3, 6, 7, 11, 14, 18 (mod 24) .
In the following, we compute III m for all squarefree integers m such that L(E m , 1) = 0 and |m| < 1000. Note that in the case L(E m , 1) = 0, III(E m /Q) is always finite by [Kol1, Kol2] .
III m = 1 for m = 1, 7, 11, 31, 35, 55, 59, 79, 103, 107, 131, 179, 199, 247, 251, 295, 367, 391, 419, 467, 511, 515, 563, 583, 607, 611, 631, 635, 655, 659, 679, 707, 751, 779, 803, 851, 871, 895, 947, 971, 991; 2, 26, 38, 74, 86, 110, 122, 134, 170, 182, 218, 230, 266, 278, 290, 314, 326, 374, 458, 470, 494, 506, 530, 554, 566, 590, 614, 638, 698, 746, 758, 794, 806, 830, 842, 854, 902, 962, 986; 3, 51, 195, 267, 339, 411, 435, 483, 555, 627, 771, 795; 6, 30, 42, 78, 102, 174, 186, 210, 222, 246, 318, 330, 366, 462, 474, 534, 546, 606, 654, 714, 762, 822, 894, 906, 930, 942, 966. III −m = 1 for m = 1, 5, 7, 19, 29, 31, 43, 77, 79, 91, 101, 115, 127, 139, 145, 151, 163, 187, 197, 199, 211, 217, 235, 247, 265, 269, 271, 283, 307, 319, 331, 365, 389, 391, 403, 415, 427, 437, 439, 451, 461, 485, 487, 499, 505, 511, 533, 535, 553, 571, 595, 607, 619, 629, 649, 653, 679, 703, 715, 721, 739, 745, 811, 817, 823, 835, 859, 865, 869, 871, 889, 893, 913, 985, 989; 2, 14, 26, 62, 74, 110, 170, 182, 206, 254, 290, 302, 362, 446, 494, 506, 518, 530, 542, 554, 590, 602, 734, 770, 794, 806, 854, 878, 926, 938, 974, 986; 3, 15, 33, 51, 57, 87, 123, 129, 159, 177, 195, 201, 231, 249, 255, 273, 303, 321, 339, 345, 393, 417, 435, 447, 465, 483, 489, 519, 537, 555, 591, 609, 615, 627, 633, 663, 681, 699, 705, 771, 795, 843, 849, 879, 921, 951, 969, 993. III m = 4 for m = 13, 37, 61, 85, 109, 145, 157, 181, 217, 229, 253, 265, 301, 323, 371, 373, 395, 415, 421, 469, 493, 505, 517, 535, 541, 553, 565, 589, 661, 685, 709, 721, 731, 745, 757, 781, 799, 805, 829, 853, 865, 889, 943, 949, 985, 995; 62, 158, 
